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1. Introduction
Let R and Q be algebras over a ﬁeld F . We say that a map α : R → Q preserves commutativity if
xαyα = yαxα whenever xy = yx. In 1976, Watkins’ paper on maps preserving commutativity over
matrix algebras [14] paved the way for a plethora of results on describing such maps. Since then,
a number of results have been obtained regarding commutativity preservers under more general
conditions (for a recent survey see [13]). It turns out that in many cases commutativity preserving
maps can have only a standard form.
Deﬁnition 1. Let R be an algebra over a ﬁeld F and let Q be a unital algebra with center F . Following
[3] we say that a linear map α : R → Q has a standard form if
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xα = γ xσ + ξ(x)
where γ ∈ F , ξ : R → F is a linear map, and σ : R → Q is a Jordan homomorphism.
Another way to look at commutativity preserving maps is to consider maps preserving zeros of the
polynomial [x, y] = xy − yx.
Deﬁnition 2. Amapα : R → Q preserves zerosof apolynomialp(x1, x2, . . . , xn) ifp(xα1 , xα2 , . . . , xαn ) =
0 whenever p(x1, x2, . . . , xn) = 0.
Recently, there has been a signiﬁcant interest in the description of maps preserving zeros of poly-
nomials. In particular, in the papers [4,7,8] the authors generalized Wong’s results [15] on operators
preserving zero products, i.e., zeros of the polynomial p(x, y) = xy. Maps preserving zeros of the poly-
nomial p(x, y) = x ◦ y = xy + yx have been studied in [9,16]. In [6] the authors posed the following
general question about the characterization of linearmaps preserving zeros of an arbitrary polynomial.
Problem 1. Letp(x1, . . . , xm)beapolynomialoveraﬁeldF innoncommuting indeterminatesx1, . . . , xm
where deg(p) > 1, and α : Mn(F) → Mn(F) is a linear map. Suppose that p(Aα1 , . . . , Aαm) = 0 when-
ever p(A1, . . . , Am) = 0. Is it possible to describe α?
Very recently, GutermanandKuzma [10,11] obtained apartial solutionof this problem. Inparticular,
they characterized maps which preserve the zeros of matrix polynomials with non-vanishing sums of
coefﬁcients.
The purpose of our paper is to describe maps which preserve the zeros of a multilinear Lie polyno-
mial of degrees 3 and 4. By a Lie polynomial, we mean an element of the free Lie algebra generated by
the set of variables x1, x2, . . .
We can think of commutativity preservers as maps that preserve the zeros of a multilinear Lie
polynomial of degree 2. That is, if p(x1, x2) = [x1, x2] = 0 then p(xα1 , xα2 ) = 0. Our results generalize
descriptions of commutativity preserving maps. Similarly, our approach is based on the technique
of functional identities [3] and the idea due to Brešar [2] who reduced the problem of describing
commutativity preserving maps to describing maps satisfying the functional identity [(x2)α , xα] = 0.
Brešar’s ideaworked verywell for a Lie polynomial of degree 3, but some technical difﬁculties began to
arise for degree 4. In general, dealing with maps that preserve zeros of multilinear Lie polynomials of
degree n seems to be rather difﬁcult. Nevertheless, ourmain results imply the following two theorems
in terms of matrix rings.
Theorem 1. Let R and S be unital algebras over a ﬁeld F. Suppose that F is the center of S and the
characteristic of F is not 2. Let n 3, m 4, and let α : Mn(R) → Mm(S) be a surjective linear map.
If α preserves zeros of a multilinear Lie polynomial of degree 3, then α is of standard form.
Theorem 2. Let R and S be unital algebras over a ﬁeld F. Suppose that F is the center of S and the
characteristic of F is not 2. Let n 3, m 5, and let α : Mn(R) → Mm(S) be a surjective linear map.
If α preserves zeros of a multilinear Lie polynomial of degree 4, then α is of standard form.
Our main results also imply the following two theorems in terms of prime algebras. Before stating
them, let us recall that the deﬁnition of a standard polynomial of degree n is:
Stn =
∑
π∈Sn
sgn(π)xπ(1) . . . xπ(n).
Theorem 3. Let A and B be unital prime algebras over a ﬁeld F with characteristic not equal to 2. Suppose
that A does not satisfy St4 and B does not satisfy St6. If α : A → B is a surjective additive map such that α
preserves the zeroes of a multilinear Lie polynomial of degree 3 then α is of standard form.
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Theorem 4. Let A and B be unital prime algebras over a ﬁeld F with characteristic not equal 2. Suppose
that A does not satisfy St4 and B does not satisfy St8. If α : A → B is a surjective additive map such that α
preserves the zeroes of a multilinear Lie polynomial of degree 4 then α is of standard form.
2. The main results
The results in this sectionwill rely heavily on the concept of d-freenesswhich is an extremely useful
concept in the theory of functional identities. Since the deﬁnition is rather lengthy we refer the reader
to the original paper [1] or the recent book [5, Chapter 4]. Firstly, we will describe maps preserving
zeros of a Lie polynomial of degree 3.
Theorem 5. Let R be an algebra over a ﬁeld F with characteristic of F not equal to 2 and let Q be a unital
algebra with center F. Let I be the Jordan ideal of R generated by [R, [[R, R], R]] ◦ [[[R, R], R], R] and let J be
the Jordan ideal of R generated by I ◦ I. Letα : R → Q be a linearmap. Suppose that Rα is a 4-free subset of
Q . Ifα preserves zeros of amultilinear Lie polynomial of degree3, then eitherα is of standard formor Jα ⊆ F.
Proof. According to [12, Theorem 3.1], every multilinear Lie polynomial of degree 3 can be written as
follows:
p(x1, x2, x3) = c1[[x3, x1], x2] + c2[[x2, x1], x3] where c1, c2 ∈ F .
Consider two cases.
(1) If c1 /= 0, let x1 = x2 = x, x3 = x2.
Since α preserves zeros of p(x1, x2, x3), from p(x, x, x
2) = c1[[x2, x], x] + c2[[x, x], x2] = 0, it
follows
p(xα , xα , (x2)α) = c1[[(x2)α , xα], xα] + c2[[xα , xα], (x2)α]
= c1[[(x2)α , xα], xα] = 0.
(2) If c1 = 0 then c2 /= 0, and let x1 = x3 = x, x2 = x2. It follows from
p(x, x2, x) = c2[[x2, x], x] = 0 that c2[[(x2)α , xα], xα] = 0.
In each case, we obtain [[(x2)α , xα], xα] = 0 for all x ∈ R.
By linearizing [[(x2)α , xα], xα] = 0, we get
∑
π∈S4
[[(xπ(1) ◦ xπ(2))α , xαπ(3)], xαπ(4)] = 0,
where S4 denotes the symmetric group on four letters. Since R
α is a 4-free subset of Q , it follows from
[5, Corollary 4.14] that (x ◦ y)α is a quasi-polynomial of degree 2. In particular,
(x2)α = λ(xα)2 + μ(x)xα + ν(x, x),
for all x ∈ R, where λ ∈ F , μ : R → F is an linear map and ν : R → F is a bilinear map. Clearly,
[(x2)α , xα] = 0, for all x ∈ R. It follows now from [3, Theorem 2.4] that either α is of standard form or
Jα ⊆ F . 
Similar to Theorem 5, we use Brešar’s idea to obtain the proper functional identities, but in the case
of Lie polynomials of degree 4, the process becomes more complicated.
Theorem 6. Let R be an algebra over a ﬁeld F with characteristic of F not equal to 2) and let Q be a unital
algebra with center F. Let I be the Jordan ideal of R generated by [R, [[R, R], R]] ◦ [[[R, R], R], R] and let J be
the Jordan ideal of R generated by I ◦ I. Let α : R → Q be a linear map. Suppose that Rα is a 5-free subset
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of Q . If α preserves zeros of a multilinear Lie polynomial of degree 4, then either α is of standard form or
Jα ⊆ F.
Proof. According to [12, Theorem 3.1], every multilinear Lie polynomial of degree 4 can be written as
follows:
p(x1, x2, x3, x4) = c1[[[x2, x1], x3], x4] + c2[[[x3, x1], x2], x4] + c3[[[x4, x1], x2], x3]
+ c4[[x4, x1], [x3, x2]] + c5[[x4, x2], [x3, x1]] + c6[[x4, x3], [x2, x1]],
where c1, c2, c3, c4, c5, c6 ∈ F .
In the same fashion as the previous theorem, we will make the proper substitutions to obtain
[[(x2)α , xα], xα], xα] = 0 or [[(x2)α , xα], [yα , xα]] = 0 for all x, y ∈ R.
Indeed,
(1) If c1 /= 0, let x2 = x2 and x1 = x3 = x4 = x. From
p(x, x2, x, x) = c1[[x2, x], x], x] + c2[[[x, x], x2], x] + c3[[[x, x], x2], x]
+ c4[[x, x], [x, x2]] + c5[[x, x2], [x, x]] + c6[[x, x], [x2, x]]
= 0,
it follows that
p(xα , (x2)α , xα , xα) = c1[[(x2)α , xα], xα], xα] + c2[[[xα , xα], (x2)α], xα]
+ c3[[[xα , xα], (x2)α], xα] + c4[[xα , xα], [xα , (x2)α]]
+ c5[[xα , (x2)α], [xα , xα]] + c6[[xα , xα], [(x2)α , xα]]
= c1[[(x2)α , xα], xα], xα] = 0.
(2) If c1 = 0 and c2 /= 0, let x3 = x2 and x1 = x2 = x4 = x. If
p(x, x, x2, x)α = c2[[[x2, x], x], x] + c3[[[x, x], x], x2]
+ c4[[x, x], [x2, x]] + c5[[x, x], [x2, x]]
+ c6[[x, x2], [x, x]]
= 0,
then
p(xα , xα , (x2)α , xα) = c2[[[(x2)α , xα], xα], xα] + c3[[[xα , xα], xα], (x2)α]
+ c4[[xα , xα], [(x2)α , xα]] + c5[[xα , xα], [(x2)α , xα]]
+ c6[[xα , (x2)α], [xα , xα]]
=c2[[[(x2)α , xα], xα], xα]
= 0.
(3) If c1 = c2 = 0 and c3 /= 0, let x4 = x2 and x1 = x2 = x3 = x. If
p(x, x, x, x2) = c3[[[x2, x], x], x] + c4[[x2, x], [x, x]]
+ c5[[x2, x], [x, x]] + c6[[x2, x], [x, x]]
= 0
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then
p(xα , xα , xα , (x2)α) = c3[[[(x2)α , xα], xα], xα] + c4[[(x2)α , xα], [xα , xα]]
+ c5[[(x2)α , xα], [xα , xα]] + c6[[(x2)α , xα], [xα , xα]]
= c3[[[(x2)α , xα], xα], xα]
= 0.
In the ﬁrst three cases, we obtain [[(x2)α , xα], xα], xα] = 0 for all x ∈ R. In the last two cases,
we will get [[(x2)α , xα], [yα , xα]] = 0 for all x, y ∈ R.
(4) If ck = 0 for 1 k 3, and c4 /= 0 or c5 /= 0, let x1 = x2 = x, x3 = y, and x4 = x2. The substi-
tutions reveals the equation
p(xα , xα , yα , (x2)α) = (c4 + c5)[[(x2)α , xα], [yα , xα]] = 0. (2.1)
If we instead make the substitutions x1 = x2, x2 = y, x3 = x4 = x, then we obtain
p((x2)α , yα , xα , xα) = (c4 − c5)[[(x2)α , xα], [yα , xα]] = 0. (2.2)
From (2.1) and (2.2), we get c4[[(x2)α , xα], [yα , xα]] = 0 and c5[[(x2)α , xα], [yα , xα]] = 0.
(5) If ck = 0 for 1 k 5 and c6 /= 0, then letting x4 = x2, x2 = y, and x1 = x3 = x will clearly
give us c6[[(x2)α , xα], [yα , xα]] = 0.
Therefore, in the last two cases [[(x2)α , xα], [yα , xα]] = 0 for all x, y ∈ R.
Next, by linearizing [[(x2)α , xα], xα], xα]] = 0, we get
∑
π∈S5
[[(xπ(1) ◦ xπ(2))α , xαπ(3)], xαπ(4)]xαπ(5)] = 0,
where S5 denotes the symmetric group on ﬁve letters. Since R
α is a 5-free subset of Q , it follows from
[5, Corollary 4.14] that
(x2)α = λ(xα)2 + μ(x)xα + ν(x, x),
for all x ∈ R, where λ ∈ F , μ : R → F is an linear map and ν : R → F is a bilinear map. Therefore,
[(x2)α , xα] = 0, for all x ∈ R. It follows now from [3, Theorem 2.4] thatα is of standard form or Jα ⊆ F .
Similarly, by linearizing [[(x2)α , xα], [yα , xα]] = 0, we obtain
∑
π∈S4
[[(xπ(1) ◦ xπ(2))α , xαπ(3)], [yα , xαπ(4)]] = 0.
With the same argument as above, we see that either α is of standard form or Jα ⊆ F . 
The proofs of Theorems 1–4 are essentially repetitions of the proofs of [3, Corollaries 3.2 and 3.4]
and based on the following facts:
(1) If R is a unital ring thenMn(R) is an n-free subset of itself [4, Corollary 2.22].
(2) If R is a prime ring which does not satisfy St2n−2 then R is a n-free subset of a maximal right ring
of quotients Q [1, Theorem 2.4].
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